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Abstract. We demonstrate that in the double-radiative decays of heavy-light QED and QCD atoms,
uwTe” — 4y and B2 — v, there is a contribution coming from operators that vanish on the free-quark
mass shell. This off-shell effect is suppressed with respect to the effect of the well-known flavour-changing
magnetic-moment operator by the bound-state binding factor. Accordingly, the negligible off-shellness of
the weakly bound QED atoms becomes important for strongly bound QCD atoms. We present this effect
in two different model approaches to QCD, one of them enabling us to keep close contact to the related

effect in QED.

1 Introduction

In this paper we focus on the particular off-shell (or the
binding) effects in the heavy-light fermion systems, com-
mon to QED and QCD. Such a comparative study throws
light on the off-shell non-perturbative effects of valence
quarks, studied first by two of us for the double-radiative
decays of the K, [1,2] and B, meson [3]. Subsequently,
this study has been continued within the specific bound-
state models, both for Ki, — 27 [4] and for B? — 27 [5].
In these papers it was explicitly demonstrated that oper-
ators that vanish by using the perturbative equations of
motion gave non-zero contributions for processes involving
bound quarks. One of the purposes of the present paper
is to demonstrate similar effects for the bound leptons.

To be specific, we consider such off-shell effects for two-
photon annihilation of the p*e™ atom, called muonium.
The off-shell effects will be given in terms of the binding
factor characterising a given bound state. The role of this
binding factor becomes more transparent in the case of the
radiative decay of such a QED atom, where one deals with
the simple Coulomb binding. This enables us to clearly
demonstrate the off-shell effect in the QED case.

A careful study of these effects is motivated by the
suitability of both lepton-changing transition yu — ey,
and B? — v decay, to test the standard model (SM) and
to infer on the physics beyond the standard model (BSM).

By selecting the heavy-light muonium system upte~
(where m, = M > m, = m), the bound-state calcula-
tion corresponds to that of the relativistic hydrogen one.
Thereby we distinguish between the Coulomb field respon-
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sible for the binding, and the radiation field [6] partici-
pating in the flavour-changing transition at the pertinent
high-energy scale. In this way the radiative disintegration
of an atom becomes tractable by implementing the two-
step treatment [7]: “neglecting at first annihilation to com-
pute the binding and then neglecting binding to compute
annihilation”. For the muonium atom at hand, the binding
problem is analogous to a solved problem of the H-atom.
In this way we avoid the relativistic bound-state problem,
which is a difficult subject, and we have no intention to
contribute to it here.

This two-step method is known to work well for disinte-
gration (annihilation) of the simplest QED atom, positro-
nium. Generalisation of this procedure to muonium means
that the two-photon decay width of muonium is obtained
by using

[p(0)PIM(ute™ — )2
647 Mm ’

r= 1)

where [(0)|? is the square of the bound-state wave func-
tion at the origin. After this factorisation has been per-
formed the rest of the problem reduces to the evaluation
of the scattering—annihilation invariant amplitude M. In
the case of positronium this expression will involve equal
masses (M = m), and the invariant amplitude which for
the positronium annihilation at rest has a textbook form
(8]
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Only the antisymmetric piece in the decomposition of the
product of three gamma matrices above,
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Fig. 1la,b. The examples of the one-particle-irreducible dia-
grams leading to the double-radiative flavour-changing transi-
tions. Only the second-row diagrams exist for the leptonic case

contributes to the spin singlet parapositronium two-pho-
ton annihilation. This selects (€] x €3), a CP-odd config-
uration of the final two-photon state.

If parapositronium decay can serve as an initial bench-
mark in considering QED atom annihilation, then its QCD
counterpart would be 7° — ~v. However, the latter pro-
cess shows some subtlety, known as the triangle anomaly.
Interestingly enough, this quark atom double-radiative de-
cay can also be viewed as an off-shell effect, as explained
in some detail in [9]. It is the off-shellness in two-photon
annihilation of atoms which we further explore in what
follows.

This paper is organised as follows: In Sect.2 we con-
sider the quantum field treatment of the annihilation pro-
cess ute” — v in arbitrary external field(s). In Sect. 3
we relate the binding forces to the external fields of Sect. 2.
In Sect. 4 we consider the analogous heavy-light QCD sys-
tem, and in Sect.5 we give our conclusions.

2 Flavour-changing operators for ute= — ~v

We treat the lepton flavour-changing process at hand anal-
ogously to the quark flavour change, accounted for by the
electroweak theory. Thus, the double-radiative transition
is triggered by two classes of one-particle-irreducible di-
agrams (Figs.1la,b), related by the Ward identities. Af-
ter integrating out the heavy particles in the loops, these
one-loop electroweak transitions can be combined into an
effective Lagrangian [1],

_ <>
L(e — p)y = B F,, (i Dy v,L)) + hec., (4)

where the muon and the electron are described by quan-
tum fields ¥ = ¢, and ¢ = 1. Correspondingly, for
BY? — 2, the involved fields are 1)s = s and vy, = b.

In our case, we do not need to specify the physics be-
hind the lepton-flavour-violating transition in (4). For in-
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Fig. 2. The two-photon contact (seagull) diagram that can be
rotated away by a field redefinition

stance, the strength B might contain some leptonic pa-
rameters, analogous to the Cabibbo-Kobayashi-Maskawa
parameters Ackm in the quark sector.

Keeping in mind that the fermions in the bound states
are not on-shell, we are not simplifying the result of the
electroweak loop calculation by using the perturbative eq-
uation of motion. Thus the effective Lagrangian (4) ob-
tained within perturbation theory splits into the on-shell
magnetic transition operator L,

L,(1y) = B,#(Mo - FL +mo - FR)§ + hc., (5)

and an off-shell piece Lp [1]

Ly = Bp¥|(i J— M)o-FL+0 FR(P—m)]+hc., (6)

where ¢ - F' denotes 0, F*", and L = (1 — 75)/2 and
R = (1+4+5)/2 denote left-hand and right-hand projectors.
To lowest order in QED (or QCD) Br = B, = B, but
in general they are different due to different anomalous
dimensions of the operators in (5) and (6). (The off-shell
part £p has zero anomalous dimension.)

By decomposing the covariant derivative i) = ij — e4
in the off-shell operator (6), we separate the one-photon
piece

Lr(1y) = Beb[(i @ —M)o-FL+0- FR(ia_m)W+h.(c.),
7

from the two-photon piece
Lr(2y) = Bp¥|—edo - FL+ o - FR(—eA)]t + h.c. (8)

The amplitude for the two-photon diagram (Fig.2) is
given by

A, =i / d*zLp(2y) = AL 4+ AR, 9)

in an obvious notation. The single-photon off-shell La-
grangian Lp(17v) leads to the amplitude with the heavy
particle in the propagator

Ay = iBp / / Ayl (y) [—ieda(y)] iSE (y — 2)

x [(i 9y —M)o- Fy(@)L + 0 - Fi(2)R(is — m)| 6(a),

(10)
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and a similar amplitude with the light particle in the prop-
agator

=iBp / / d*zdty
0 (x) {(i Du —M)o - Fy(2)L + o - Fy (2)R(ids — m)

% iS{ (x — y) [~ieda(y)] ¥ (y).
(11)

The subscripts 1 and 2 distinguish between the two pho-
tons. It is understood that a term with the 1 <+ 2 subscript
interchange should be added in order to make our result
symmetric in the two photons.

Within the quantum field formalism, the sum of the
(9), (10) and (11) describes the process uTe™ — v, or
p— ey

Let us now be very general, and assume that both
particles (e and p) feel some kind of external field(s) rep-
resented by V() and V), and obey one-body Dirac equa-

tions

[if — Viiy () = my ] ¥y =0, (12)
for i = e or p (in general V{;) = 7a‘/(‘2?‘)), and accordingly
the particle propagators Sb(f) satisfy

(i — Viy () —mi] S$ (@ —y) = 6@ (a —y).

Our photon fields enter via perturbative QED, switched
on by the replacement 0, — D, = J,, + teA, in (12). It
should be emphasised that A, (x) represents the radiation
field and does not include binding forces, which will in the
next section be related to the external fields V(;).

Now, using relations (12) and (13) we obtain

(13)

Ay=—AL 4+ AAy, A= AR L AA,  (14)

resulting in a partial cancellation when the amplitudes are
summed

A, + Ay + A, = AAy + AA,. (15)

This shows that the local off-diagonal fermion seagull tran-
sition of Fig.2 cancels, even if the external fermions are
off-shell. The quantities left over, AA, and AA,, involve
integrals over the Coulomb potential and represent the net
off-shell effect.

There are also amplitudes A4 and A, which are coun-
terparts of Ay and A, when L (1) is replaced by L. The
total contribution from our flavour-changing Lagrangian
(Lp and L, parts) is then given by

Ag+ Ay =i / / dadyd (y) [—ieds(y)]
x 1S (y — 2)Q ()i (),

represented by Fig. 3a, and a similar one,

A+ AA. = 1//d4xd4yW

[—ieda(y)] ¥ (y),

(16)

)Q(2)iSy (x —y)
(17)
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Fig. 3a,b. The shaded boxes indicate the combination of
the unrotated off-shell transition (~ Bp) and the on-shell
magnetic-moment transition (~ Bg), giving the effective ver-
tex in (26)

corresponding to Fig. 3b. The operator Q(x) in these ex-
pressions reads

Q(z) = [BoM + BpVi ()] o - Fi(z)L

+ 0 Fi(z)R [Bym+ BpV(e(z)] . (18)
The result given by (16)—(18) can also be understood in
terms of the following field redefinition. Equation (12) can
be obtained from the Lagrangian

Lp(@¢) =W [iP— Vi) — MW + 9 [iP— Vi) —m] ¥.
Now, by defining new fields 19
V' =W+ Bpo-FLy, ' =v¢+ Bpo-FL¥, (20)

we obtain
Lp(W, W)+ Lr=LpW W)+ ALp, (21)

which shows that L can be transformed away from the
perturbative terms, but a relic of it,

ALp = Bp¥ [Vio - FL+0-FRV,)| ¢ +he, (22)
remains in the bound-state dynamics. Thus, the off-shell
effects are non-zero for bound external fermions. Combin-
ing ALp and L,, we obtain

AL+ L, =¥Qy + h.c., (23)
where @ is given by (18). This shows the equivalence of
this field redefinition procedure and the result given by
(16)—(18).

This is how far we can push the problem within quan-
tum field theory. Up to now we have made no approxi-
mations except for standard perturbation theory. In the
next section we will adapt the results of this section to the
relevant bound-state effects.

3 Off-shellness
in the muonium annihilation amplitude

As announced in the Introduction, we choose the simplest
heavy-light QED atom, muonium. Naively, the product
W1 corresponds to the bound state of u* and e~ (which
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might be true only in the asymptotically free case). How-
ever, relativistic bound-state physics is a difficult subject,
out of our scope. We will stick to the two-step proce-
dure [7] as explained in the Introduction. We perform
the calculations in the muonium rest frame (CM frame
of u and e”) where we put the external field(s) equal
to a mutual Coulomb field, V(;y — v Vc (where Vo =
—e? /47r). In calculating the pte™ — 47 amplitude in mo-
mentum space, we take for Vi the average over solutions
in the Coulomb potential, which is (Vo) = —(ma?/2). In
this way the muonium-decay invariant amplitude acquires
the form which is a straightforward generalisation of the
positronium-decay invariant amplitude (2) in momentum
space.

The amplitudes Ay + AA; from (16), together with
Ae+ AA, from (17), transformed to the momentum space
take the form

M = 22000, () { TrkabsP — Pk

+ (1 A 2)}ue(p1),
(24)

where v, and u. are muon and electron spinors, and €7 ,
are photon polarisation vectors. The factor incorporating
the binding in the form of a four-vector U* = (p, 0),

P=0 -z AL+ AR =),

accounts for the aforementioned factorisation of a binding
and a decay, and is represented by the shaded box of Fig. 3:

(25)

[M(1—2p7°)o- FiL +mo - FLR(1—py°)].  (26)

Here we introduced abbreviations for two small constant
parameters,

Br (V)

z (27)

m
M’ - mB,’
in terms of which the sought off-shell effect will be ex-
pressed. Note that in the effective interaction (26), the
left-handed part corresponding to V) has gotten an extra
suppression factor z = m/M in front of the binding factor
p, in agreement with the expectation that the heavy parti-
cle () is approximately free, and the light particle (¢™)
is approximately the reduced particle, in analogy with the
H-atom.

The annihilation amplitude (24) can now be evaluated
explicitly. A tedious calculation, performed in the muo-
nium rest frame with photons emitted along the z-axis,
gives

2M
M = —2eBgM21/W [(1+zp)es - €]

(1422 + 2p) (€ x €) - k1 + O(pzwz)} , (28)

where we have kept only the leading terms in p and z. In
comparison to the expressions (2) and (3) for parapositro-
nium, we notice that in addition to €5 x €] there appears
also €3 - €}, a C'P-even two-photon configuration.
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The explicit expression for p depends on some assump-
tions. As explained previously, we use (Vo) = —ma?/2
which gives p = a?/2 for B, = Br = B, which is a good
approximation in the leptonic case.

Equation (1) finally gives

200 M*

I = 2

[(0)?| By |* (1 + 22p) . (29)
Thus, for muonium, the sought off-shell contribution is
only a tiny correction, 2zp = o?m/M =~ 2.6 - 1077, to
the magnetic moment dominated rate!. However, the cor-
responding off-shellness in a strongly bound QCD sys-
tem should be significantly larger. We also take into ac-
count the Br/B, correction in (29), when considering the
BY% — ~v decay below.

Before ending this section, we should also mention
that the Lagrangian given by (18) and (23) can be used
to calculate the amplitude for muonic hydrogen decay-
ing to a photon and ordinary hydrogen, that is, the pro-
cess 4~ — e~ + « for both leptons bound to a proton.
This is a leptonic version of the celebrated B-meson de-
cay Bg — K*v.

As a toy model, one might consider a process “p” —
“e” ~ in an external Coulomb field, with “u” and “e”
rather close in mass such that the non-relativistic descrip-
tions of the “leptons” might be used. The effective “p”
— “e” v interaction is given in (23). If we assume that
(M —m) is of order am, we obtain off-shell effects of order
a? due to L, relative to the standard magnetic-moment
term L. Bigger mass differences gives bigger effects, until
the non-relativistic approximation breaks down.

4 Off-shellness in Bg - Y

By the replacements y — s and e — b, the expressions
(4) to (8) apply to b — sy induced BY — 27 decay am-
plitude. Then one has to scale the operators L5, defined
at the My scale, down to the B-meson scale. The coeffi-
cients Br of L, and B, of L,, in (6) and (5), both being
equal to B at the W scale, may evolve differently down
to the p = my scale. This difference between Br and B,
is due to different anomalous dimensions of the respective
operators. Within the SM one can write
4GF (&

Ba,F = W)\CKMW
The coefficient C¢ has been studied by various authors
[10-14]. The coefficient Cf was considered in [3], where
at the b-quark scale we obtained

or
&4
Although the off-shell effect for B — 2 is expected to be

suppressed by the ratio (binding energy)/my, it could still
be numerically interesting.

oot (30)

~4/3 (n=my). (31)

! Note that it is not necessary to know the precise value
of [¢(0)|> ~ (ma)®/m, in order to know the relative off-shell
contribution



J.0. Eeg et al.: Bound-state effects in e~ — vy and B? — ~v decays

4.1 Coulomb-type QCD model

The conventional procedure when evaluating the pseu-
doscalar meson decay amplitudes is to express them in
terms of the meson decay constants, by using the PCAC
relations

(01577561 B (P)) = —if5Py,
(0375b|BJ(P)) = ifsMp.

(32)
(33)

These relations will be useful after reducing our general
expression (24) containing the terms with products of up
to five gamma matrices. After some calculation we arrive
at the expression for the Bs-meson decay at rest, which
is analogous to, and in fact confirms our previous relation
(28) obtained in different way,

MB = —1§BUfBM2

+ i(1 422+ z7)(€) x €) - k1 + O(72, 2%)| .
(34)

1+ z)?
CE 0y e e

Here, the parameter 7 represents the off-shell effect in the
QCD problem at hand, and will be more model dependent
than its QED counterpart p. With the amplitude (34) we
arrive at the total decay width
aM?®
=20 FRIB I (14 27), (3)

where by switching off 7 we reproduce the result of [15].

In order to estimate the value of the off-shell contri-
bution 7, in this subsection we assume a QED-like QCD
model with the Coulombic wave function [16,17] ¥(r) ~
exp(—mraeg). Thus we rely again on an exact solution
corresponding to effective potential V(r) = —4aeg/(3r),
with effective coupling aem(r) = —(4mboIn(raye)) = .
Here by = (1/872)(11—(2/3)Ny). The mass scale Apo ap-
propriate to the heavy-light quark Qg potential is related
to the more familiar QCD scale parameter, e.g. Apot =
2.23 Ayg (for Ny=3). Within this model, we obtain

2 , CF
T = S0 e (36)
3 N CY
By matching the meson decay constant fp and the wave
function at the origin

NCM _ (%’)27 [Y5(0)2 = M, (37)

M T

we obtain the value for the strong interaction fine struc-
ture strength ceg ~1. Then, including (31) for the QCD
case, the correction factor

x7 ~ 0.1

(38)

is much larger than xp in the corresponding QED case.
Correspondingly, one expects even more significant off-
shell effects in light quark systems, in compliance with
our previous results [1,2,4].
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4.2 A constituent quark calculation

Now we adopt a variant of the approach in [3, 5] as an alter-
native to the Coulomb-type QCD model described above.
One might use the PCAC relations (32) and (33) together
with a kinematical assumption for the s-quark momen-
tum, similar to those in [15,18]. Assuming the bound 5
and b quarks in BY to be on their respective effective mass
shells (effective mass being current mass plus a constituent
mass mg of order 200-300 MeV), the structure of the am-
plitude comes out essentially as in (34) with a relative
off-shell contribution

(39)

of the same order as in (38). However, unlike (34), the
off-shell effect is now only in the C'P-odd term (e x €}),
the square bracket in (34) being replaced by

[€5 - €] +1i(1+ 2z 4 x7) (€5 x €])]. (40)
This may be different in other approaches [2], showing
the model dependence of the off-shell effect. For instance,
potential-QCD models in general, besides a vector Cou-
lomb potential, also contain a scalar potential.

4.3 A bound-state quark model

For BY — 2v, we have previously [3,5] applied a bound-
state model, where the potentials V; in (12) are replaced
by a quark—meson interaction Lagrangian
L(s,b) = Gpbyss® + h.c., (41)
where & is the B-meson field. Then, the term Lz can be
transformed away by means of the field redefinitions:
s'=s+ Bro-FLb, b =b+ Bjo-FLs. (42)
However, its effect reappears in a new bound-state inter-
action ALy,

L:qs(s, b) +Lp = ,Cqs(s/, bl) + ALgp, (43)
where, after using Rvs = R and Lvys = —L,
ALy = BFGp [l;’a .FLV — 5o - FRS’] é+he (44)

Also in these cases [3,5], the net off-shell effects are found.
Further calculations of B — 2 within bound-state models
of the type in (41) will be presented elsewhere.

5 Conclusions

We have demonstrated the appearance of the off-shell ef-
fects in the flavour-changing two-photon decay of muo-
nium and its hadronic BY — ~+ counterpart. It is a quite
significant 10 percent effect in the latter case, whereas
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in the leptonic case it is very small (of order 10~7), but
clearly identifiable.

The present “atomic” approach enables us to see in a
new light the effect studied first for the K;, — ~v am-
plitude in the chiral quark model [1,2], and subsequently
in the bound-state model [4]. The observation that off-
shell effects can be clearly isolated from the rest in the
heavy-light quark atoms [3] was still plagued by the un-
certainty in the QCD binding calculation [5]. Here, in the
Coulomb-type QCD model we are able to subsume the ef-
fect into an universal binding factor, in the same way as
for the two-photon decay of muonium in the exactly solv-
able QED framework. As a result, we obtain the explicit
expressions describing how the flavour-changing operators
that vanish on-shell modify both the C'P-even (€7 - €3),
and C'P-odd (e x €3) configuration of the final photons.
In a constituent quark calculation we get a similar result
for the off-shell effect. As a difference, in this case the
off-shellness resides solely in the C'P-odd part of the am-
plitude.

The main result of the present paper is a clear demon-
stration of the parallelism of the strict non-zero off-shell ef-
fects in the leptonic and quark heavy-light systems. Thus,
we have established a solid ground for estimating the off-
shell bound-state effects in the important By — K™~ de-
cay, which will be presented elsewhere [19].
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